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We reexamine the problem of charge renormalization and inversion of a highly charged surface of a low
dielectric constant immersed in ionic solutions. To be specific, we consider an asymmetrically charged lipid
bilayer, in which only one layer is negatively charged. In particular, we study how dielectric discontinuities and
charge correlations �among lipid charges and condensed counterions� influence the effective charge of the
surface. When counterions are monovalent �e.g., Na+�, our mean-field approach implies that dielectric discon-
tinuities can enhance counterion condensation. A simple scaling picture shows how the effects of dielectric
discontinuities and surface-charge distributions are intertwined: Dielectric discontinuities diminish condensa-
tion if the backbone charge is uniformly smeared out while counterions are localized in space; they can,
however, enhance condensation when the backbone charge is discrete. In the presence of asymmetric salts such
as CaCl2, we find that the correlation effect, treated at the Gaussian level, is more pronounced when the surface
has a lower dielectric constant, inverting the sign of the charge at a smaller value of Ca2+ concentration.

DOI: 10.1103/PhysRevE.72.021508 PACS number�s�: 61.20.Qg, 82.70.�y, 87.15.�v

I. INTRODUCTION

Macromolecules such as DNA and biomembranes carry a
large number of charges in aqueous solution interacting with
other ions. They can thus trap oppositely charged ions �coun-
terions� in their close proximity under a variety of condi-
tions; some of them are irreversibly adsorbed onto the sur-
face, forming the so-called stern layer, but others are less
tightly bound to the surface, forming a diffusive layer of
excess counterions �1,2�. While permanently adsorbed ions
in the Stern layer can be considered as part of surface
charges, the diffusive layer is a dynamic structure, constantly
exchanging ions with those in bulk. Nevertheless, it has
proven to be useful to consider the macroion and its diffusive
layer as forming a single object, which is often referred to as
a “dressed ion” �3,4�. It has long been recognized that coun-
terions in the diffusive layer play an important role in regu-
lating the charge properties of macroions as in the electro-
static binding and transport of macroions �5–7�. It is thus of
practical importance to study how their physical properties
can be controlled by experimentally accessible parameters
such as ionic strength, ion valences, and dielectric properties.

In this paper, we study the �reversible� electric binding of
counterions onto an oppositely charged surface in an aqueous
solution. To be specific, we consider a negatively charged
lipid bilayer of thickness d and a dielectric constant ��, im-
mersed in electrolyte solutions of a dielectric constant ��, as
illustrated in Fig. 1. �The subscripts � and � are a reminder
that �� is typically larger than ��.� The bilayer is assumed to
be asymmetrically charged: one of the layers is negatively
charged with a charge density −e�0 and the other one is
neutral �as in red blood cell membranes �8��. In addition to
monovalent salts �e.g., NaCl�, there can be Z :1 salts �e.g.,
CaCl2�. The charged surface �at x=0� can attract counterions
�e.g., Na+ or Ca2+� and trap them in its close proximity. This
phenomenon, often referred to as counterion condensation,
results in a renormalization of the surface charge �1,2�. Un-

der certain conditions, the sign of the renormalized charge
can be inverted; this phenomenon is known as “charge inver-
sion” �9–11�.

In particular, we study how dielectric discontinuities in-
fluence the electric binding of counterions or simply coun-
terion condensation �thus charge inversion�. Our main focus
will be laid on the computation of renormalized charges
rather than on the detailed structure of the diffusive layer. We
first tackle this problem at the mean-field level. To this end,
we use two seemingly distinct methods: a two-state model
�1,2� and a matching method �12�. In the latter case, the
Poisson-Boltzmann �PB� equation is matched, at large dis-
tances, with the corresponding Debye-Hückel �DH� equation
�or the linearized PB equation� with a renormalized charge

FIG. 1. Schematic view of a negatively charged lipid bilayer of
thickness d immersed in an ionic solution. The dielectric constant of
the bilayer �� is typically smaller than that of the solution ��. The
bilayer is assumed to be asymmetrically charged: the left side of the
plate at x=−d is neutral while the other side at x=0 is negatively
charged with a charge density −e�0. The resulting system resembles
an asymmetrically charged cell membrane �e.g., red blood cell
membranes�.
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�12�. Both approaches, in good agreement with each other,
suggest that the dielectric discontinuities enhance counterion
condensation for 0�d��; as d→�, however, the effect of
dielectric discontinuities becomes irrelevant at the mean-
field level as also expected from Gauss’s law �see the rel-
evant discussion in Sec. II�.

Using a simple physical picture, we also examine the ef-
fect on counterion condensation of charge correlations and
backbone-charge distributions. Interestingly, we find that the
planar distribution of backbones charges can play an impor-
tant role: The effect of dielectric discontinuities or image
charges depends on how backbone charges are treated �see
Sec. III A for details�. When the backbone charge is assumed
to be smeared out uniformly, then the image charge weakens
the attraction of counterions to the surface. When both back-
bone charges and counterions are treated on equal footing,
the image charge can enhance condensation.

Finally, we examine the effect of charge correlations by
treating both condensed counterions and backbone charges
on equal footing. To this end, we incorporate correlations at
the Gaussian level within the two-state model. In the pres-
ence of CaCl2 �or Z :1 salts, Z�1�, the �renormalized�
charge of a highly charged surface is inverted �when corre-
lations are included�, consistent with previous results �9–11�.
Interestingly, we find that the correlation effect is more pro-
nounced when the dielectric constant of the surface is lower
than in the solution—i.e., �����—as is often the case. As a
result, charge inversion can take place in wider parameter
spaces—in this case, the onset of charge inversion takes
place at a lower Ca2+ concentration than expected from the
case ��=��.

This paper is organized as follows: Section II describes
charge renormalization at the mean-field level; to this end, a
few different versions of mean-field theory are adopted and
compared. Section III is devoted to examining the effect of
charge correlations on charge renormalization; a particular
emphasis is on the interplay between charge correlations and
dielectric discontinuities.

II. MEAN-FIELD THEORY

A. Poisson-Boltzmann approach and the matching method

At the mean-field level, the spatial distribution of count-
erions is described by the PB equation. The PB equation
relates the electric potential ��r� to the total charge density
��r�, where r is the position vector. If ni�r� is the number
density of ions of the ith kind and valence Zi, it follows

ni�r� = niexp�−
Zie��r�

kBT
� , �1�

where e is the electronic charge, kB the Boltzmann constant,
T the temperature, and finally ni is the bulk concentration of
each species. Below we use ni and �ith species� interchange-
ably, where �ith species� is the bulk concentration of the ith
species: �Na+� is, for example, the bulk concentration of Na+.
Obviously the total charge density is given by ��r�
=e�iZini�r�. The PB equation then reads �13�

� · ���r� � �� = − 4	��r� = − 4	e�
i

Zini�r� . �2�

Note that this equation is written in Gaussian units �we adopt
Gaussian units throughout this paper�. Dielectric discontinui-
ties can be taken into account through spatially varying di-
electric constant ��r�.

Without loss of generality, the surface is assumed to be
aligned perpendicular to the x axis �cf. Fig. 1�. At the mean-
field level, the system is essentially one dimensional. In other
words, ��r� and ��r� are functions of x only: �=��x� and
�=��x�.

In the matching method, we find a renormalized or an
effective charge by matching solutions of the DH equation,
with a renormalized charge, and those of PB equations at
large distances from the surface. In other words, the PB ap-
proach maps onto the corresponding DH approach with the
bare charge replaced by an effective charge. A simple result
for the effective charge density −e�* can be obtained for
sufficiently large �0 in the limit d→�—i.e., a semi-infinite
plate �occupying the space x�0� in contact with 1:1
electrolytes—i.e., NaCl: It was shown that �*=
 /	�B, inde-
pendent of �0 �14�. Here and in what follows, �B
=e2 /��kBT is the Bjerrum length, a length scale at which the
electrostatic interaction between two charges becomes com-
parable to the thermal energy kBT ��7.1 Å at room tempera-
ture in water� and �� is the dielectric constant of the solvent
�i.e., water�; the Debye length 
−1 is related to ion concen-
trations through 
2=4	�B��Na+�+ �Cl−��. Finally, the dielec-
tric constant of water at room temperature is known to be 80.
The electrostatic interaction is thus significantly lower in wa-
ter than in a vacuum.

B. Two-state model

In a more analytical treatment, we use a two-state model,
in which ions are classified as either “free” or “condensed”
�i.e., those trapped near the surface�. If Zie�i is the planar
charge density of condensed counterions of the ith type, the
effective charge density of the surface is then −e�*=−e��0

−�1−Z�2�, where the subscripts 1 and 2 refer to monovalent
and Z-valent counterions, respectively. Even though we con-
sider only monovalent ions in this section �i.e., �2=0�, we
include Z-valent counterions for later convenience �cf. Sec.
III�. The amount of condensed counterions can be obtained
by balancing chemical potentials of condensed and free
counterions. The chemical potential of free ions is mainly
associated with the configurational entropy of mixing: �i

free

	kBT ln�niv0�, where v0 is the volume of counterions as-
sumed to be the same for all counterions. The chemical po-
tential of condensed counterions arises from electrostatic in-
teractions and the entropic penalty for condensation. If Felec
is the electrostatic free energy of the charged surface per
area, then the electrostatic chemical potential of condensed
counterions of the ith kind is �i

cond=�Felec /��i.
The electrostatic free energy of a surface of a planar den-

sity −e�* is simply Felec= 1
2 
�−e�*��0dS, where �0 is the

electrostatic potential evaluated at the surface and dS is a
surface element. At the DH level �with a renormalized sur-
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face charge �*�, the electrostatic free energy per unit area is
simplified as Felec= 1

2 �−e�*��0, since the charge distribution
is assumed to be uniform over the surface. We calculate �0
by solving DH equation which is described in details in Ap-
pendix A �cf. Eq. �A4��. We find that, for 
−1��c �15�,

Felec =
1

2
�− e�*��0 = kBT  2	�*2
−1�B

��� + ��
d�
�2�� + ��
d�

,

�3�

where �� and �� are dielectric constants of the bilayer and
solvent, respectively, and 
−1 is the Debye screening length
given by 
2=4	�B�2n1+Zn2�Z+1�� with n1 and n2 the bulk
concentration of monovalent and Z-valent ions, respectively.
We thus have

�i
cond

kBT
= − 4	Zi�

*
−1�B
��� + ��
d�

�2�� + ��
d�
+ ln��iv0

�c
i � , �4�

where �i
c is the thickness of the condensed layer. The second

term in Eq. �4� corresponds to the entropic penalty for con-
fining counterions in a layer of thickness �c

i .
Despite its simplicity, the two-state model suffers a draw-

back: there can be ambiguity in choosing the thickness of
condensed layers �c �the superscript i was dropped�. In the
past, ion sizes were often chosen as �c �1,2�. While this
sounds reasonable, it is not clear whether this choice will
lead to �* consistent with the matching method. For a semi-
infinite plate �d→�� in a 1:1 electrolyte, the two approaches
can easily be reconciled by mapping the two-state model
onto the matching method. In other words, we equate �*

=
 /	�B with �* obtained from the two-state model. By not-
ing that �1��0 for large �0 �this is also the condition under
which �*�
 /	�B�, we find

�c � �
−2

�
�� 4

exp�4�� , �5�

where 1/�=2	�B�0. Note that this is valid only when 
−1

��c; see the relevant discussion in Ref. �15�. This result
indicates that �c increases quadratically with 
−1. As a result,
�c can be much larger than the Gouy-Chapmann length �.
For finite d, dielectric discontinuities will be reflected in �c.
On the other hand, this will not sensitively influence �*,
since �* varies logarithmically with �c. In this case, Eq. �5�
is expected to be a good approximation for a wide range of
parameters �also see Fig. 2�. The two-state model and the
matching method can thus be used interchangeably. For typi-
cal values of parameters ��10 Å,
−110–100 Å� , �c is
smaller than typical ion sizes a05 Å. It is thus natural to
choose �ca0 �cf. Figs. 3 and 5�.

C. Dielectric discontinuity

To test �c in Eq. �5� in the presence of dielectric discon-
tinuities, we have calculated �* of the charged surface �at
x=0� using the two-state model, with �c determined by Eq.
�5�, and the matching method. We have plotted �* as a func-
tion of �0 for a few different choices of 
 �see Fig. 2�. We
have chosen d=4 nm, ��=80, ��=2, and T=300 K. In the

figure, the two-state model and the matching method are de-
scribed by the dotted and solid lines, respectively. The agree-
ment between the two approaches is excellent. This justifies
our expression for �c in Eq. �5� for a wide range of �� �thus
d as well�, even though it was originally obtained for d
→�.

For an asymmetrically charged bilayer of finite thickness
d, it is useful to examine counterion distributions on both
sides of the bilayer. For simplicity we limit ourselves to
monovalent cases—i.e., a bilayer immersed in an NaCl solu-
tion. We have used the two-state model to calculate the pla-
nar density of condensed counterions �1: the effective planar
densities at x=0 and x=−d are �*=�0−�1�x=0� and �*

FIG. 2. Effective planar density �* obtained from the two-state
model �the dashed line� and the matching method �the solid line�.
We have chosen d=4 nm, ��=80, ��=2, and T=300 K; in two-
state model calculations, �c has been determined by Eq. �5�, which
was originally obtained for the limit d→� �or 
d→��. The two
approaches are in good agreement with each other, implying that �c

in Eq. �5� is valid for a wide range of 
d �even when dielectric
discontinuities are allowed.�

FIG. 3. Planar density of condensed counterions obtained from
the two-state model at the charged and neutral surface. We have
chosen �0=0.2 nm−2, ��=80, T=300 K, �c=5 Å, and �Na+�
=15 mM �thus �Cl−�=15 mM�. The top �bottom� three curves cor-
respond to the charged �neutral� surface at x=0�x=−d�. Note that
�1 becomes d independent for 
d�� /���1 �shown clearly in the
figure only for ��=2�—in this case, condensation on the neutral
surface is minimal and can be ignored �see the text for details�.
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=�1�x=−d�, respectively. The chemical potentials of count-
erions at the surfaces at x=0 and x=−d are presented in
Appendix A. Using these we have calculated �1�x=0� and
�1�x=−d� �see Fig. 3� for a few different values of ��; the
top three curves are for the charged surface at x=0, while the
bottom three curves are for the neutral surface at x=−d. On
the other hand, we have chosen �0=0.2 nm−2, ��=80, T
=300 K, and �Na+�=15 mM �corresponding to 
−1=2.5 nm�.
Finally �c�4 Å in the limit d→�. Since ��
d��� for the
parameters used, �c�4 Å is a good approximation for d
=4 nm. We have thus chosen �c=a0=5 Å ��c cannot be
smaller than the ion size a0�5 Å�. As shown in the figure,
�1 tends to get saturated for large d in an ��-dependent way;
smaller d is required for smaller �� in a 
-dependent way.
�The 
 dependence of saturation is not shown in the figure
but can be inferred from Eq. �4�. What matters is this com-
bination: 
d.� Also note that �1�x=−d� tends to a finite
value, �1

�=limd→��1�0.005 nm−2, as d increases. This is a
bit puzzling, since the attraction of counterions to the surface
at x=−d is minimal for ��
d /���1, implying that �1

�	0.
As it turns out, �1

���0� reflects �Na+�—i.e., the bulk Na+

concentration: �1
� /�c= �Na+�. In other words, the Na+ con-

centration is uniform in the region x�−d, meaning that there
is no condensation. For typical values of d�	4 nm� and
���	2�, counterion condensation mainly takes place on the
charge surface: �1�d=4 nm���1

�. In what follows, we ig-
nore condensation on the neutral surface.

Our results in Fig. 3 indicate that dielectric discontinuities
can enhance counterion condensation for 0�d��. In the
limit d→�, however, the dielectric properties of the plate
are not felt by counterions. This is not surprising: Our two-
state model in this section suppresses charge fluctuations. In
this case, Gauss’s law indicates that the electric field cannot
penetrate the plate. In other words, the electric field vanishes
for x�0 independently of ��, as also implied by Eq. �A4� in
the limit d→�. This accounts for the �� independence of �1
in the limit d→�. Obviously, the effect of the dielectric
discontinuity becomes minimal as d→0.

To augment our finding of ��-dependent �1, we have
solved the PB equation �cf. Eqs. �1� and �2�� for a few dif-
ferent choices of �� and plotted our results for n+�x�
(=�Na+��x�—i.e., Na+ concentration at x) in Fig. 4. To this
end, we have used essentially the same boundary conditions
adopted in Appendix A �see Eqs. �A3a�–�A3c��, except that
Eq. �A3c� has been approximated by ��x�=0 at x=25
−1. We
have chosen d=40 Å, ��=80, T=300 K, and �Na+�=1 mM.
As shown in the figure, n+�x� near the surface is larger for
��=2 than for ��=80. Our results suggest that counterion
condensation can be more pronounced for smaller values of
�� �as long as d is not too small or too large�, in accordance
with the results in Fig. 3—note that this happens when ��

���, as is the case for a lipid bilayer immersed in water.
Our mean-field results in Figs. 3 and 4 suppress charge

correlations and are expected to work well for low electro-
static couplings �e.g., Z=1�. In the next section, we study
how charge correlations can influence counterion condensa-
tion.

III. CHARGE CORRELATIONS

A. Scaling theory: Unscreened cases

The mean-field approach in the last section indicates that
the effect of dielectric discontinuities becomes irrelevant in
the limit d→�. This appears to be distinct from those dis-
cussed in Refs. �9,10,16,17�, which seem to indicate that
counterion condensation is diminished by image charges in
this limit. It is tempting to attribute the seeming discrepancy
to charge correlations which are suppressed in our meanfield
calculations. In this subsection, we use simple arguments to
discuss the potential effect on counterion condensation of
charge correlations and backbone-charge distributions.

Following Refs. �10,18�, in the limits 
→0 and d→�,
the electrostatic energy of a single �monovalent� counterion
at r= �x ,y ,z� due to surface charges at R� and its image
charge is given by

u�r�
kBT

= − �B�1 + ���
�

1

�r − R��
+

�B�

4x
, �6�

where �= ���−��� / ���+���. In the continuum limit �i.e.,
backbone charges are smeared out�, u�r� becomes

u�x�
kBT

= 2	�1 + ���B�0x +
�B�

4x
. �7�

Not surprisingly, u�x� has a minimum at a finite value of x
=xmin:

xmin =� �

8	�1 + ���0
. �8�

The minimum electrostatic energy is then given by

FIG. 4. Spatial distribution of counterions near the charged sur-
face in an ionic solution for different choices of ��, obtained from
the Poission-Boltzmann equation. We have chosen ��=80, �0

=0.2 nm−2, d=4 nm, T=300 K, and �Na+�=1 mM. These results
indicate that the dielectric discontinuities at x=0 and x=−d enhance
counterion condensation at the charged surface �x=0�. In the limit
d→� or d→0, however, the effect of the dielectric discontinuity
becomes minimal �see the inset�.
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umin

kBT
= �B

���1 + ���0. �9�

Clearly, umin increases as � increases, implying that counter-
ion condensation is diminished by the dielectric jump at the
interface x=0. This contradicts the PB approach which im-
plies that a single dielectric discontinuity does not affect spa-
tial distributions of counterions for d→�.

The reasoning leading to Eq. �9� is based on the assump-
tion that the backbone charge is smeared out uniformly while
the counterion is localized in space. To see the potential ef-
fect of backbone-charge distributions more clearly, let us
consider only one backbone charge at the origin interacting
with a counterion on the x axis. Equation �6� then reduces to

u1�x� = − �B�1 + ��
1

x
+

�B�

4x
= − �B�1 +

3�

4
�1

x
. �10�

Interestingly, this is more attractive for larger � in contrast to
what we would expect from Eq. �9� obtained in the con-
tinuum limit.

Neither Eq. �7� nor Eq. �10� necessarily represents our
system accurately. First, both backbone charges and count-
erions are mobile �with the former confined to a surface� and
can contribute to correlations. They thus have to be treated
on equal footing. Furthermore, these equations are based on
a one-particle picture, a single counterion interacting with a
surface in the former and a counterion interacting with a
backbone charge in the latter. “Many-body effects” �e.g.,
counterion-counterion interactions� can complicate the pic-
ture.

Another extreme case that goes beyond the one-particle
description amounts to picturing backbone charges and coun-
terions as forming a two-dimensional ordered �crystalline�
structure on a square lattice of a lattice constant a at the
water-plate interface. An anion is then surrounded by four
nearest-neighbor cations and a cation by four nearest-
neighbor anions. Clearly the energy of the resulting system
�per ion� is proportional to �B�1+��:

umin

kBT
= −

�B

a
�1 + ���− 4 +

4
�2

+
4

2
−

8
�5

+ ¯�
� −

�B

a
�1 + ��  1.14. �11�

This is more negative for larger �. In this simple picture,
counterions are more strongly attracted to the surface when
�����, implying that condensation is enhanced by the di-
electric jump at the interface.

This calculation is complimentary to our mean-field ap-
proach. If the former is relevant for high electrostatic cou-
plings, the latter is suitable for low couplings. A simpler
version of the PB approach is a capacitor model in which the
double layer is approximated by a parallel capacitor: a nega-
tively charged plate at x=0 and a positively charged layer at
x=�. In the limit d→�, the image charge of the former �per
area� located at x=0 is −e��0, which adds to the backbone

charge −e�0, while the image charge of the latter �per area�
located at x=−� is e��0. The total electric field felt by the
counterion layer at x=−� is

Ex =
4	e

��

���0 − �1 + ���0� = −
4	e

��

�0. �12�

This is independent of � and accounts for our earlier finding
that counterion condensation is not influenced by image
charges in the limit d→�. Clearly, we need to include cor-
relations to see the effect of image charges on counterion
condensation in that limit.

Our simple arguments presented in the last few para-
graphs suggest that the effect of dielectric discontinuities on
counterion condensation depends on how we treat backbone
charges and counterions. This is indeed consistent with a
recent paper by Moreira and Netz �18�, which shows how
surface-charge modulation is intertwined with dielectric dis-
continuities �also see Naji et al. �19��. The effect of image-
charge repulsions is strongest when the surface charges are
assumed to be uniformly smeared out, as also implied by Eq.
�7�. As a result, the spatial distribution of counterions has a
peak at a finite separation from the surface �reminiscent of
xmin in our Eq. �7��. As the surface charge distribution be-
comes more heterogeneous for a given total surface charge,
however, the peak moves towards the surface: xmin is dimin-
ished �see their Fig. 4�b� for details� as also implied by our
simple scaling analysis. When coupled to correlations, the
dielectric jump at the water-bilayer interface can enhance
counterion condensation �even in the limit d→��.

For a weakly to a moderately highly charged surface, sur-
face charges �both backbone charges and condensed count-
erions� can be driven by thermal fluctuations, which diminish
their lateral ordering. In that case, it is reasonable to consider
them as forming a two-dimensional ionic fluid, as compared
to a two-dimensional crystal. In the next section, we develop
a two-dimensional DH theory of such an ionic fluid to ac-
count for correlations. The resulting approach is distinct
from existing approaches �9,10,16,17� in that we treat both
backbone charges and counterions on equal footing and con-
sider them as fluctuating objects.

B. Charge correlations and charge inversion

The previous subsection illustrates the interplay between
charge correlations and dielectric discontinuities in determin-
ing umin, the minimum electrostatic energy of a counterion
near and at an oppositely charged surface. Here, we study
how charge correlations can influence counterion condensa-
tion. A number of theoretical approaches suggest that charge
correlations between condensed counterions �of high va-
lency� can trigger extra condensation, leading to “charge in-
version” of a highly charged surface �9–11�. In these ap-
proaches �9–11�, condensed counterions are considered as
forming a strongly correlated liquid on the background of
uniformly distributed backbone charges. As evidenced in
Sec. III A, backbone-charge distributions can have a non-
trivial effect on counterion condensation. In our approach,
we treat both backbone charges and condensed counterions
on equal footing as fluctuating objects on a plane. To this
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end, we incorporate in-plane charge correlations at the
Gaussian level.

In order to set up an effective interaction ��r� ,r�� � be-
tween two charges e’s on the surface at x=0 �see Fig. 1�, we
first need to integrate out degrees of freedom associated with
free ions. This can be readily done at the DH level: In the
limit d→0 �the effect of dielectric discontinuities is irrel-
evant�, this amounts to using a screened electrostatic interac-

tion of the form: ��r� ,r�� �= �e2 /���e−
�r�−r�� � / �r�−r�� �. Ob-
viously, this is the solution of ��2−
2��=−�4	e2 /�����r�

−r�� �. However, the presence of dielectric discontinuities
�coupled with finite thickness� can easily complicate
��r� ,r�� �. The dielectric discontinuity can be incorporated
through a spatially varying dielectric constant ��r�:

�� · ��r� � − ��r�
2�r����r,r�� = − 4	e2��r − r�� .

�13�

Note that the spatially varying screening length 
−1�r�
=
−1�x� is to reflect the absence of ions inside the plate �see
also Appendix B�.

At the DH level, the explicit form of ��r� ,r�� � can be
found without further approximations. By symmetry consid-
erations, we have ��r� ,r�� �=��r�−r�� �—without loss of
generality, we can set r�� =0. In Appendix B, we have solved
this equation for our system depicted in Fig. 1 with appro-
priate boundary conditions �see Appendix B for details�. The
result is

��r�� =� d2q

�2	�2eiq·r���q� , �14�

where ��q� is the Fourier transform given by

���q� =
4	�B

�
2 + q2 + �q
�1 + ��� − 1�

exp�− 2qd�
1 − �2exp�− 2qd�� ,

�15�

with �=1/kBT, �=�� /��, and � defined as

� =
��

�
2 + q2 − ��q

��
�
2 + q2 + ��q

. �16�

Note that similar issues have been addressed in the litera-
ture. For example, ��r�� in the limit 
→0 was first obtained
in Ref. �20�. More recently, Netz considered electrolytes con-
fined to a system of a slab sandwiched between two semi-
infinite half spaces, whose dielectric constants can be differ-
ent from each other �21�. At the Debye-Hückel level, he
derived an effective Coulomb interaction between two
charges �see vDH�r ,r�� in Eqs. �A.7�–�A.9� of Ref. �21��.
One of the main differences between � and vDH is that the
latter works for charges that are not on an interface with a
dielectric jump, while the former was constructed exclu-
sively for charges on such an interface.

At the Gaussian level, the free energy arising from in-
plane charge fluctuations on the surface can be readily taken
into account. If ���r�� is the planar charge fluctuation �per
e� at r�= �y ,z� �normal to the x axis�, the Hamiltonian de-
scribing fluctuations can be written as �22�

�Hcorr =
1

2
� dr�

dr�� ���r� − r�� �
�

+ ���r� − r�� ��
���r�����r�� � , �17�

where �=�0+�1+Z2�2 �and �=1/kBT�. The first term cor-
responds to the entropic penalty for charge-density fluctua-
tions. While all surface charges are taken into account ex-
plicitly through ��r��, free ions are considered as screening
the interaction between surface charges and are taken into
account through �.

In the Fourier space q, conjugate to r�, the Hamiltonian
�per unit area� is simplified:

�Hcorr =
1

2
� d2q

�2	�2 ��−1 + ���q������q��2. �18�

By carrying out the Gaussian integrals with respect to ���q�,
we find the correlation contribution to the free energy Fcorr
�after subtracting an appropriate “self-energy” term�:

�Fcorr =
1

2
� d2q

�2	�2 �ln�1 + ����q�� − ����q�� . �19�

In Ref. �23�, we derive this result using the Debye-charging
process. Note that the correlation free energy in Eq. �19� was
constructed so that it vanishes as �→0 as it should. In prac-
tical calculations of Fcorr, we cut off high q values by im-
posing an upper limit for the integral, which will be chosen
to be 2	. On the other hand, the lower limit will be chosen to
be 0.

The charge-correlation contribution to the chemical po-
tential of condensed counterions is simply

�i
corr =

�Fcorr

��i
. �20�

The total chemical potential of condensed counterions is then
given as the sum of this and the one in Eq. �4�.

We have calculated the amount of condensed counterions.
In Fig. 5, we have plotted the effective charge density −e�*

as a function of �Ca2+�, the bulk Ca2+ concentration in mM,
for various choices of ��. We have chosen ��=80, T
=300 K, and �0=0.2 nm−2; we have also assumed that the
system contains 100 mM of monovalent ions �or �Na+�
=50 mM�. According to Eq. �5�, �c�1.2 Å in the absence of
CaCl2. While it is possible to generalize Eq. �5� to include
Z :1 salts, we rather invoke simplification based on the fol-
lowing physics ground: Unless �Ca2+� is too small, Ca2+ can
be preferentially condensed onto the surface �see Ref. �24�
for details�. It is thus reasonable to assume that condensed
counterions are mostly Ca2+. In this case, we expect �c to be
twice the corresponding value for Na+—here we assume that

 is mainly determined by Na+. �Recall �c��−1 and note that
�−1 for Z=2 is twice that for Z=1.� The resulting �c is
smaller than typical ionic sizes �5 Å�. We have thus chosen
�c=5 Å. A number of interesting features emerge from the
results in the figure.
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First, the results show that charge inversion occurs be-
yond a certain value of �Ca2+� or the onset concentration of
Ca2+. This finding is consistent with existing results �9–11�.
The effect of charge correlations on condensation is more
pronounced when the surface has a lower dielectric constant,
as is the case for lipid bilayers in water. As a result, charge
inversion occurs for a wider range of �Ca2+� for smaller val-
ues of ��. Interestingly, the onset concentration �of Ca2+� is
highly sensitive to ��: When the dielectric discontinuity is
suppressed ���=��� �25�, the onset of charge inversion takes
place at �Ca2+��7 mM. For ��=2, the onset concentration
is 0.1 mM, about two orders of magnitude smaller than in
the case of ��=��.

A related point of interest is that the effect of dielectric
discontinuities on condensation is more pronounced for large
values of �Ca2+�. This implies that dielectric discontinuities
are more efficiently felt when charge correlations are in-
cluded. Indeed our mean-field �MF� results, obtained with
the two-state model or the matching method introduced in
Sec. II, are much less sensitive to ��. Additionally, for large
values of �Ca2+�, the corresponding MF results deviate ap-
preciably from our correlation calculations. This indicates
that mean-field approaches can easily break down in the
presence of multivalent counterions.

IV. CONCLUSIONS

To summarize, we have studied how the dielectric prop-
erties of a charged surface influence counterion condensation
onto the surface. The Poisson-Boltzmann approach and the
two-state model indicate that dielectric discontinuities en-
hance counterion condensation �when the surface has a low
dielectric constant, as is the case for a lipid bilayer or other
biomolecules in water�. This finding appears to contradict
earlier results �9,10,16,17� that counterions are pushed away

from the surface by image charges. Using simple scaling
arguments, we have shown how the effect of image charges
is intertwined with backbone-charge distributions. When the
backbone charge is assumed to be uniformly smeared out
while counterions are localized in space, the image charge
tends to diminish counterion condensation �9,10,16,17�.
When the backbone charge and counterions are treated on
equal footing, however, image charges rather enhance coun-
terion condensation. Finally, we have also studied charge in-
version of a highly charged surface in a mixture of NaCl and
CaCl2 electrolytes. To this end, we have incorporated in-
plane charge correlations at the Gaussian level into the two-
state model. At a certain value of Ca2+ concentration, the
sign of the surface charge is inverted, consistent with earlier
results �9–11�. Interestingly, a smaller Ca2+ concentration is
required for charge inversion when the surface has a lower
dielectric constant; the dielectric discontinuity can lower the
onset concentration of Ca2+ dramatically, indicating that the
in-plane correlation is more important in the presence of di-
electric discontinuities.
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APPENDIX A

In this appendix, we recapture some of our results at the
Debye-Hückel level, which are relevant for low surface
charge densities; we also derive chemical potentials of con-
densed counterions within the two-state model. Our major
conclusion—i.e., enhanced counterion condensation by di-
electric discontinuities—can be augmented by the DH cal-
cualtions. To this end, we consider a dielectric plate with
thickness d and dielectric constant �� immersed in an ionic
solution of dielectric constant �� �typically larger than ���;
only one side of the plate at x=0 is charged with charge
density −e�, as illustrated in Fig. 1. The main advantage of
examining the DH limit lies in the fact that it allows an
analytically tractable analysis of the spatial distribution of
counterions. Our DH calculations will thus test more elabo-
rated results reported in the main text. We show that, as ��

→��, the density of counterions reduces near and at the
charged surface and increases around the neutral surface. Of
course the entire system is always subject to the overall elec-
tric neutrality condition

− �
−�

�

��x�dx = − e� , �A1�

where ��x� is the total charge density of ions at x. This con-
dition implies that at large distances from the surface the
electric fields are vanishingly small, since the backbone
charge is almost completely screened by surrounding ions.

The linearlized Poisson-Boltzmann equation or the DH
equation reads

FIG. 5. Effective planar charge density of the charged surface in
the presence of 50 mM of NaCl as a function of �Ca2+�, the bulk
Ca2+ concentration in mM. We have chosen −e�0=−0.2e /nm2, T
=300 K, �c=5 Å, d=40 Å, and ��=80. At low Ca2+ concentra-
tions, the surface is undercharged �i.e., −e�*�0� but beyond a cer-
tain concentration, it is overcharged �i.e., −e�*�0�. The onset con-
centration for overcharging is sensitive to the dielectric properties
of the surface; it is smaller for a smaller value of ��.
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d2�

dx2 = 
2�x���x� , �A2�

where 
�x� is the position-dependent inverse Debye length
given by 
�x�=0 for −d�x�0 and 
�x��

=�4	�B�2n1+Zn2�Z+1�� otherwise �refer to Sec. II A�. This
equation can be solved with appropriate boundary condi-
tions: at water-dielectric interfaces, the electric potential is
continuous while the electric field is discontinuous �if ��0
or ������. The jump in the normal component of the elec-
tric displacement field is −4	e�. In addition, we assume that

electric potential goes to zero as x→ ±�, which results in
zero total charge density at infinity. To summarize, the
boundary conditions read

x = 0: ���x��0+ − ���x��0− = − 4	e� , �A3a�

x = − d: ���x�d�−d+0+ − ���x��−d−0+ = 0, �A3b�

x → ± �: � = 0. �A3c�

Solving the DH equation subject to these conditions, we
find electric potentials in three distinct regions:

��x� = �
− 4	e�

��


�� + ��
d

2�� + ��
d
e−
x, x � 0, �A4a�

− 4	e�

2�� + ��
d
�x +

d

2
� −

2	e�

��

, − d � x � 0, �A4b�

− 4	e�

��


��

2�� + ��
d
e
�x+d�, x � − d . �A4c�

For similar calculations, see Refs. �5,13� and references
therein.

From these solutions we can easily infer the effect of
dielectric discontinuities on charge distributions. At the DH
level, total charge densities are proportional to electric po-
tentials: �= ��� /4	�
2�. As a result, one can simply write

��x = 0� �
�� + ��
d

2�� + ��
d
, �A5a�

��x = − d� �
��

2�� + ��
d
. �A5b�

It is instructive to take various limits: As d→0, the effect
of dielectric discontinuities vanishes as expected. For ��
d
��� , ���+��
d� / �2��+��
d��1. In this case, dielectric
discontinuities become irrelevant. According to Eq. �A5a�,
the charge density at the right side of the plate �i.e., x=0�
increases as ��→0. In other words, the dielectric jump there
enhances the attraction of counterions to the surface. On the
other hand, ��x=−d� has the opposite behavior: it decreases
as �� decreases. This tendency is consistent with the results
in Fig. 3.

Now suppose both surfaces are charged with planar den-
sities �L���x=−d� and �R���x=0�. To obtain electric po-
tentials at the two surfaces, note that the DH equation is
linear. A linear combination of two DH solutions is a solution
of the DH equation. If �R��L=0,�R� ��R��L ,�R=0�� is a
potential at x=0 with �L=0 ��R=0�, then the DH potential at
the surface is �R��L ,�R�=�R��L=0,�R�+�R��L ,�R=0�. Ac-
cordingly, the electric potential at the surface x=0 is

�R = −
4	e�R

��


��� + ��
d�
�2�� + ��
d�

−
4	e�L

��


��

�2�� + ��
d�
.

�A6�

Note that this satisfies the required boundary conditions at
x=−d and x=0. As a result, the chemical potential of coun-
terions on the surface is

�R

kBT
= −

4	�B�R




��� + ��
d�
�2�� + ��
d�

−
4	�B�L




��

�2�� + ��
d�

+ ln��1�x = 0�v0

�c
� . �A7�

Similarly, we find the electric potential at the surface x=−d:

�L = −
4	e�L

��


��� + ��
d�
�2�� + ��
d�

−
4	e�R

��


��

�2�� + ��
d�
.

�A8�

This results in

�L

kBT
= −

4	�B�L




��� + ��
d�
�2�� + ��
d�

−
4	�B�R




��

�2�� + ��
d�

+ ln��1�x = − d�v0

�c
� . �A9�

The results in Eqs. �A7� and �A9� are used to construct
Fig. 3.

APPENDIX B

In this appendix, we derive the Debye-Hückel Green
function ��r�−r�� � introduced in Eq. �15� for a dielectric
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plate immersed in an ionic fluid. Note that similar problems
have been studied in the literature �20,21�. However, as they
are, results presented in these references are not directly ap-
plicable to our problem for the reason explained in the text
�see the relevant discussion below Eq. �16��. Here, we
present the essential steps leading to ��q� in Eq. �15�. To this
end, we use the DH approach to the system depicted in Fig.
1: a system with a nonuniform dielectric constant ��r� and a
position-dependent screening length 
−1�r�. To appropriately
incorporate dielectric discontinuities within the DH ap-
proach, we first consider ��r ,r��: the electric energy of a
point charge e at r �the field point� due to another point
charge e at r� �the source point� or simply the DH Green
function. The DH equation for � is then

�� · ��r� � − ��r�
2�r����r,r�� = − 4	e2��r − r�� .

�B1�

Noting that � has a translational invariance in the y-z plane,
following Ref. �21�, we express � as a Fourier transform
with respect to y-y� and z-z�:

��r,r�� =� d2q

�2	�2eiq·�r�−r�� ���x,x�,q� , �B2�

where q is the Fourier conjugate to r�= �y ,z�.
If we use Eq. �B2� in Eq. �B1�, we find

�
2 + q2 −
�2

�x2���x,x�,q� =
4	e2

��

��x − x��, x � 0,

�B3a�

�q2 −
�2

�x2���x,x�,q� =
4	e2

��

��x − x��, − d � x � 0,

�B3b�

�
2 + q2 −
�2

�x2���x,x�,q� =
4	e2

��

��x − x��, x � − d ,

�B3c�

where 
−1 is Debye screening length defined in Sec. II A and
below Eq. �A2�. �Note that similar equations can be found in
Ref. �21�. But we use different boundary conditions; see be-
low.� For the computation of ��r� ,r�� �, it suffices to choose
r�= �0,0 ,0� at the water-plate interface. In what follows, we
drop x� from ��x ,x� ,q�. Up to this point, the field point r
can be anywhere; later it will be chosen to be at the plane
x=0 �see Eq. �B7��.

The function ��x ,q� is continuous everywhere but its nor-
mal derivatives at x=0 and x=−d are discontinuous �as long
as ������:

lim
x→−0

��

�

�x
��x,q� − lim

x→+0
��

�

�x
��x,q� = 4	e2, �B4a�

lim
x→−d−0

��

�

�x
��x,q� − lim

x→−d+0
��

�

�x
��x,q� = 0. �B4b�

As in the text, �� and �� are dielectric constants of the plate
and water, respectively. The term on the right-hand side of
Eq. �B4a� is to reflect the source charge assumed to be lo-
cated at x=0.

With the boundary conditions in Eqs. �B4� and �→0 at
x= ±�, we find the solutions of Eqs. �B3� for q�0 �28�,

���x,q� =�
2	�B

�
2 + q2
e−x�
2+q2 �1 + ���1 − �e−2qd�

1 − �2e−2qd , x � 0, �B5a�

2	�B

�q
�exq − �e−xq−2qd�

1 − �

1 − �2e−2qd , − d � x � 0, �B5b�

2	�B

�q
e�x+d��
2+q2 �1 − �2�e−qd

1 − �2e−2qd , x � − d , �B5c�

where �=1/kBT, �B=e2 /��kBT, �=�� /��, and � is defined
in Eq. �16�:

� =
��

�
2 + q2 − ��q

��
�
2 + q2 + ��q

. �B6�

For the r= �0,r�� �both the source and field points are in the
same plane: x=0�, ��0,q�=��q� is simplified as

���q� =
4	�B

�
2 + q2 + �q
�1 + ��� − 1�

exp�− 2qd�
1 − �2exp�− 2qd�� .

�B7�

This is identical to Eq. �15� in Sec III B.
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